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Classical Ramsey number

Definition

For given s,t € N Ramsey number R(s,t) is the minimum natural m such that for
any graph G = (V, E) on m vertices the following holds: either G' contains an
independent set of size s or its complement G contains a independent set of size ¢.
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Classical Ramsey number

Definition

For given s,t € N Ramsey number R(s,t) is the minimum natural m such that for
any graph G = (V, E) on m vertices the following holds: either G' contains an
independent set of size s or its complement G contains a independent set of size ¢.

o R(s,s) < s—clogs/loglogsys (D. Conlon, 2009)
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Classical Ramsey number

Definition

For given s,t € N Ramsey number R(s,t) is the minimum natural m such that for
any graph G = (V, E) on m vertices the following holds: either G' contains an
independent set of size s or its complement G contains a independent set of size ¢.

o R(s,s) < s—clogs/loglogsys (D. Conlon, 2009)
o R(s,s) > (1 +o(1))s2% (J. Spencer, 1975)
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Nelson-Hadwiger problem

@ The following question was asked by E. Nelson in 1950:

the chromatic number

what is the minimum number of colors needed to color the points of the plane so
that no two points at unit distance apart receive the same color?
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Nelson-Hadwiger problem

@ The following question was asked by E. Nelson in 1950:

the chromatic number

what is the minimum number of colors needed to color the points of the plane so
that no two points at unit distance apart receive the same color?

The described quantity is called the chromatic number x(R?) of the plane.
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Nelson-Hadwiger problem

@ The following question was asked by E. Nelson in 1950:

the chromatic number

what is the minimum number of colors needed to color the points of the plane so
that no two points at unit distance apart receive the same color?

The described quantity is called the chromatic number x(R?) of the plane.
@ We can define analogous quantity in RY.
o Formally,

YRY) =min{m e N: R = HyU...UH,, :
Vi,Ve,y € H; |z —y| # 1}
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Distance graphs

Definition

We say that a graph G = (V, E) is the distance graph in R? if V C R? and
E C{(z,y),z,y €eR?, |z —y| =1}.
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Distance graphs

Definition

We say that a graph G = (V, E) is the distance graph in R? if V C R? and
E C{(z,y),z,y €eR?, |z —y| =1}.

1951, P. Erdds, N.G. de Bruijn: If we accept the axiom of choice then the
chromatic number of the space R¢ is equal to the chromatic number of some
finite distance graph in R?.
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Distance graphs. Another motivation

P. Erdés, 1946

Given a set of n points on the plane, how many pairs of vertices at unit distance
apart we can have among them?
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Distance graphs. Another motivation

P. Erdés, 1946

Given a set of n points on the plane, how many pairs of vertices at unit distance
apart we can have among them?

In other words: Let G = (V, E') be a distance graph on the plane. Find maxg |E|,
if |V]=n.
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Distance graphs. Another motivation

P. Erdés, 1946

Given a set of n points on the plane, how many pairs of vertices at unit distance
apart we can have among them?

In other words: Let G = (V, E') be a distance graph on the plane. Find maxg |E|,
if |V]=n.

Theorem (H. Hopf, E. Pannwitz, 1934; E. Vaszonyi, 1935)

In any set of n points on the plane there are at most n pairs of points forming a
diameter.
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Distance graphs. Another motivation

P. Erdés, 1946

Given a set of n points on the plane, how many pairs of vertices at unit distance
apart we can have among them?

In other words: Let G = (V, E') be a distance graph on the plane. Find maxg |E|,
if |V]=n.

Theorem (H. Hopf, E. Pannwitz, 1934; E. Vaszonyi, 1935)

In any set of n points on the plane there are at most n pairs of points forming a
diameter.

This equivalent to the following statement: Let G = (V, E) be a distance graph
on the plane, whose vertices lie at distance < 1 apart from each other. Then
maxg |E| < n, if [V]=n.
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Distance Ramsey number

Definition

Distance Ramsey number Rngnu(s,t,d) is the minimum natural m such that for
any graph G on m vertices the following holds: either G contains an induced
s-vertex subgraph isomorphic to a distance graph in R? or its complement G
contains an induced t-vertex subgraph isomorphic to a distance graph in R

4PCC, 16-21 September 2012
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Distance Ramsey number

Definition

Distance Ramsey number Rngnu(s,t,d) is the minimum natural m such that for
any graph G on m vertices the following holds: either G contains an induced
s-vertex subgraph isomorphic to a distance graph in R? or its complement G
contains an induced t-vertex subgraph isomorphic to a distance graph in R

@ It is obvious that Ryxgu(s, s, d) < R(s,s) for every d.
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Distance Ramsey number

Definition

Distance Ramsey number Rngnu(s,t,d) is the minimum natural m such that for
any graph G on m vertices the following holds: either G contains an induced
s-vertex subgraph isomorphic to a distance graph in R? or its complement G
contains an induced t-vertex subgraph isomorphic to a distance graph in R

@ It is obvious that Ryxgu(s, s, d) < R(s,s) for every d.

® Rywu(s,s,d) < (d+ 1)(%:?{;:{"{?) fors >d—+1.
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Distance Ramsey number

Definition

Distance Ramsey number Rngnu(s,t,d) is the minimum natural m such that for
any graph G on m vertices the following holds: either G contains an induced
s-vertex subgraph isomorphic to a distance graph in R? or its complement G
contains an induced t-vertex subgraph isomorphic to a distance graph in R

@ It is obvious that Ryxgu(s, s, d) < R(s,s) for every d.

® Rywu(s,s,d) < (d+ 1)(%:?{;:{"{?) fors >d—+1.
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Best bounds for d = 2,3

Theorem 1 (A. Raigorodskii, M. Titova, 2011)

For d = 2,3 we have

Rxgn(s, s, d) > 25(Fo),
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Best bounds for d = 2,3

Theorem 1 (A. Raigorodskii, M. Titova, 2011)
For d = 2,3 we have

Rugn(s, s, d) > 23(+o),

To prove this theorem they used the following

Fix d € {2,3}. There exist constants ¢, e > 0, such that for every distance graph
G = (V,E) in R? of order n we have |E| < cn?~¢.
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Best bounds for d = 2,3

Theorem 1 (A. Raigorodskii, M. Titova, 2011)

For d = 2,3 we have

Rugn(s, s, d) > 23(+o),

To prove this theorem they used the following

Fix d € {2,3}. There exist constants c,e > 0, such that for every distance graph
G = (V,E) in R? of order n we have |E| < cn?¢.

This claim, in turn, follows from well-known Kévari-Sés-Turdn theorem and the
following statement:

If G is a distance graph in R? (R?), then it does not contain K>3 (K33) as a
subgraph.
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Best known bounds for d =4,...,8

Theorem 2 (A. Kupavskii, A. Raigorodskii, M. Titova, 2012)

For d =4,...,8 the following inequalities hold:

Rxgu(s, s, d) > 2[C‘§S] (1+3(1))

Here

cy = 0.04413, ¢5 =0.01833, ¢ = 0.00806,
cy = 0.00352, cg = 0.00165.
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Best known bounds for d =4,...,8

Theorem 2 (A. Kupavskii, A. Raigorodskii, M. Titova, 2012)

For d =4,...,8 the following inequalities hold:

Rxgu(s, s, d) > 2[C‘§S] (1+3(1))

Here

cy = 0.04413, ¢5 =0.01833, ¢ = 0.00806,
cy = 0.00352, cg = 0.00165.

To prove this, we used the following

Fix some d € {4, ...,8}. Every distance graph in R? of order m has 27 disjoint
independent sets whose total size is at least [cym].
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New results

Theorem 3
@ (A. Kupavskii, M. Titova) For every fixed d > 2 we have

RNEH(Sa S, d) = 2(%-&-6(1))5.
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RNEH(Sa S, d) = 2(%-&-6(1))5.

@ (A. Raigorodskii) For every fixed d > 2 we have

Rygn(s, s,d) < dR(ﬁ’ﬁ)'
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New results

@ (A. Kupavskii, M. Titova) For every fixed d > 2 we have

RNEH(Sa S, d) = 2(%-&-6(1))5.

@ (A. Raigorodskii) For every fixed d > 2 we have

5 5
RNEH(Sa S, d) < d-R <—, —) .
[d/2]" [d/2]
The first part of Theorem 3 generalizes Theorem 1 for the case d > 4 and

significantly improves the bound of Theorem 2. Even for d = 4 the bound
improves from 20-022...s(1+0(1)) o 90-25s(1+0(1))
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New results

@ (A. Kupavskii, M. Titova) For every fixed d > 2 we have

RNEH(Sa S, d) = 2(%-&-6(1))5.

@ (A. Raigorodskii) For every fixed d > 2 we have

Rygn(s, s,d) < dﬂ(ﬁ’ﬁ)'

The first part of Theorem 3 generalizes Theorem 1 for the case d > 4 and

significantly improves the bound of Theorem 2. Even for d = 4 the bound
improves from 20-022--s(1+0(1)) to 90-25s(1+0(1))

Now the bounds for RNgn (s, s,d) are roughly the same as for R ( 5 s );

[d/2]” [d/2]
- 0 5 5 2s ~
W(l +0(1)) <logR <[d/2]’ [d/2]> ,log RNgH(s, 5,d) < a7 (1+5(1))
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Consider a graph G on 2[d/2] - R <[dj2], ﬁ) vertices. Split the set of vertices

into 2[d/2] equal parts Py, ..., Psq/g).
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Consider a graph G on 2[d/2] - R ([dj2], ﬁ) vertices. Split the set of vertices
into 2[d/2] equal parts Py, ..., Psq/g).
In each part P; one can find an independent set of size > %5 either in G|p, orin

G|p,. Suppose we found > [d/2] disjoint independent sets in induced subgraphs of
G. Denote the union of these independent sets by W. Note that |WW| > s.
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Consider a graph G on 2[d/2] - R ([dj2], ﬁ) vertices. Split the set of vertices
into 2[d/2] equal parts Py, ..., Psq/g).
In each part P; one can find an independent set of size > %5 either in G|p, orin

G|p,. Suppose we found > [d/2] disjoint independent sets in induced subgraphs of
G. Denote the union of these independent sets by W. Note that |WW| > s.
Then the subgraph G|y can be realized as a distance graph in R%, since

can be realized as a distance

For any Iy, ...,lja/2) € N any subgraph of Kj, .
graph in R9,

RUEY
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Lower bound. Auxiliary theorem

Put k = [d/2] + 1. Denote by CI(G,r) the set of r-cliques in graph G and set
c(G,r) =|ClUG,r)|.

Theorem 4

For any fixed d > 2 there exist constants ¢,e > 0 such that for any distance graph

G in R on n vertices
cl (G, k) < enfe.

This theorem is a generalization of Claim 1. To prove it we need the following

Graph K3 3 can not be realized as a distance graph in R4,
——

k
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Lower bound. Auxiliary theorem

Another ingredient is the hypergraph generalization of Kévari-Sés-Turan theorem
due to P. Erdos.

Kupavskii, Titova (MSU) On some geometric Ramsey theory problem 4PCC, 16-21 September 2012



Lower bound. Auxiliary theorem

Another ingredient is the hypergraph generalization of Kévari-Sés-Turan theorem
due to P. Erdos.

Claim 5 (corollary from the theorem by P. Erdos, 1964)

For any [, € N there exist constants ¢, > 0 such that any graph G of order n
with cl(G,7) > en"~¢ contains subgraph isomorphic to K; ;.

r
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Lower bound. General idea

To prove the bound Rxgmn(s, s,d) > n we need to show that there exists a graph
G of order n such that for any s-element subset W of its vertices neither G|y nor
G|w can be realized as a distance graph in R%.
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Lower bound. General idea

To prove the bound Rxgmn(s, s,d) > n we need to show that there exists a graph
G of order n such that for any s-element subset W of its vertices neither G|y nor
G|w can be realized as a distance graph in R%.

In the view of Theorem 4 it is enough to prove that for any such W we have
c(Glw, k) > cs*==, cl(Glw, k) > csh—=.
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Lower bound. General idea

To prove the bound Rxgmn(s, s,d) > n we need to show that there exists a graph
G of order n such that for any s-element subset W of its vertices neither G|y nor
G|w can be realized as a distance graph in R%.

In the view of Theorem 4 it is enough to prove that for any such W we have
c(Glw, k) > cs*==, cl(Glw, k) > csh—=.

We consider random graph model G(n,1/2). For any s-element subset .S of
vertices we define event Ag: graph G(n,1/2)|s has fewer than cs*=¢ k-cliques.
We define analogous event A’ for graph G(n,1/2)]s.
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Lower bound. General idea

To prove the bound Rxgmn(s, s,d) > n we need to show that there exists a graph
G of order n such that for any s-element subset W of its vertices neither G|y nor
G|w can be realized as a distance graph in R%.

In the view of Theorem 4 it is enough to prove that for any such W we have
c(Glw, k) > cs*==, cl(Glw, k) > csh—=.

We consider random graph model G(n,1/2). For any s-element subset .S of
vertices we define event Ag: graph G(n,1/2)|s has fewer than cs*=¢ k-cliques.
We define analogous event A’ for graph G(n,1/2)]s.

We will show that Pr (Uszn (As U A’s)) > 0.
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Lower bound. Estimation of probability Pr(Ag).

For I,k € N we denote by P(l, k) the probability that graph G(I,1/2) does not
contain k-cliques.

52 =
We have Pr(Ag), Pr(Ay) < (P(1, k))@=n tHo)
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Lower bound. Estimation of probability Pr(Ag).

For I,k € N we denote by P(l, k) the probability that graph G(I,1/2) does not
contain k-cliques.

52 =
We have Pr(Ag), Pr(Ay) < (P(1, k))@=n tHo)

Let H = (S, E) be a graph of order s. Consider a maximum system of [-element
subsets of S such that no two subsets intersects by more than one element.
Denote it by Sis(S,1).
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Lower bound. Estimation of probability Pr(Ag).

For I,k € N we denote by P(l, k) the probability that graph G(I,1/2) does not
contain k-cliques.

52 =
We have Pr(Ag), Pr(A%) < (P(l,k))m(“"(l)) ;

Let H = (S, E) be a graph of order s. Consider a maximum system of [-element
subsets of S such that no two subsets intersects by more than one element.
Denote it by Sis(S,1).

Corollary from the theorem by Rédl, 1985

For fixed I we have |Sis(S,1)| ~ l(%l) as s — 00.
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Let o be a random permutation of S = {1,...,s}. Consider a random variable
FF(o, H) which is equal to the number of k-cliques of the graph o(H) that are
contained as a whole in one of the [-element sets from the system Sis(S5,1).
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Let o be a random permutation of S = {1,...,s}. Consider a random variable
FF(o, H) which is equal to the number of k-cliques of the graph o(H) that are
contained as a whole in one of the [-element sets from the system Sis(S5,1).

Fix k,1 € N and ¢, > 0. There exists ¢ > 0 such that for any graph H of order s
with cl(H, k) < cs*¢ there exists a permutation o of the set V(H), such that
Fl(o,H) < /s?7¢.
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Let o be a random permutation of S = {1,...,s}. Consider a random variable
FF(o, H) which is equal to the number of k-cliques of the graph o(H) that are
contained as a whole in one of the [-element sets from the system Sis(S5,1).

Fix k,1 € N and ¢, > 0. There exists ¢ > 0 such that for any graph H of order s
with cl(H, k) < cs*¢ there exists a permutation o of the set V(H), such that

Fl(o,H) < /s?7¢.

Put G = G(n,1/2). Finally we can estimate the probability of Ag :

P(45) = P (cl(o(Gls).K) < es"~%) < P (U (FL(0.Gls) < )> |

o

Kupavskii, Titova (MSU) On some geometric Ramsey theory problem 4PCC, 16-21 September 2012 15 /18



Lower bound. Finishing the proof.

Theorem (P. Erdés, D.J. Kleitman, B.L. Rothschild, 1976)
For any k£ € N we have
12 2
P(l,k) <2~ a1 Tol)

Kupavskii, Titova (MSU) On some geometric Ramsey theory problem 4PCC, 16-21 September 2012 16 / 18



Lower bound. Finishing the proof.

Theorem (P. Erdés, D.J. Kleitman, B.L. Rothschild, 1976)
For any k£ € N we have
12 2
P(l,k) <2~ a1 Tol)

All we have to do is to estimate the probability of (Jgcy. (As U A%) by sum of
the probabilities of Ag, A%
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Open problems

Prove an analogue of the main theorem for d = O(logloglog s). J
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Open problems

Prove an analogue of the main theorem for d = O(logloglog s). J

Find maximal d = d(s) for which we have Rxgmu(s, s, d) > s. J
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Open problems

Prove an analogue of the main theorem for d = O(logloglog s). J

Find maximal d = d(s) for which we have Rxgmu(s, s, d) > s. J

Analogous problem for distance graphs with all possible edges drawn.
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Open problems

Prove an analogue of the main theorem for d = O(logloglog s). J

Find maximal d = d(s) for which we have Rxgmu(s, s, d) > s. J

Analogous problem for distance graphs with all possible edges drawn.
Remark: My conjecture is that for such class of graphs for any fixed d we have

Rnpn(s, s,d) > 250+
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