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Abstra t
In this paper, we will give a short survey on erning estimates on the hromati
numbers of Eu lidean spa es in small dimensions. We will also present some new
important bounds.
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1 Introdu tion
This paper is on erned with the lassi al Nelson { Erd}os { Hadwiger problem
on painting the spa e Rn using the smallest possible number (Rn ) of olours
in su h a way that no two mono hromati points are at the distan e 1 apart.
In other words,

(Rn ) = min  : Rn = V1
n

G

:::

G

V; ∀ i ∀ x; y ∈ Vi |x − y| =
6 1 :
o

The quantity (Rn ) is alled the hromati number of the spa e.
Almost obviously, (R1 ) = 2. However, even in the planar ase, the problem still remains open. We only know that 4 ≤ (R2 ) ≤ 7 (see [1℄, [2℄).
During the last de ades, various upper and lower bounds have been obtained for the hromati numbers of di erent spa es. In the next se tion, we
will try to present the most re ent results of this kind. In the last se tion, we
will give our new improvements on those estimates.

2 An overview
First of all, we note that the problem we dis uss here admits a natural reformulation in terms of graph theory. Indeed, we may onsider the graph
G = (V ; E ), where
V = Rn ;

E = {{x; y} : |x − y| = 1}:

So the usual hromati number (G ) oin ides with the value (Rn ). This
interpretation suggests the study of olourings of distan e graphs, i.e., of arbitrary subgraphs G in G . All the best known lower bounds on (Rn ) are due
to appropriate onstru tions of distan e graphs.
For the three-dimensional spa e, the estimate (R3 ) ≥ 5 had been remaining unimproved for many years until in 2002 O. Ne hushtan su eeded
in repla ing it by the bound (R3 ) ≥ 6 (see [3℄). The tightest upper estimate
was given in 2000 and published in 2002 by D. Coulson (see [4℄): (R3 ) ≤ 15.
In four dimensions, the bound (R4 ) ≥ 7 was independently proposed
in 1996 by K. Cantwell (see [5℄) and in 2006 by L. Ivanov (see [6℄). The last
onstru tion is a bit simpler than the rst one. The upper estimate (R4 ) ≤ 49
was announ ed by Coulson, but we ould nd in the litterature only the bound
(R4 ) ≤ 54 (see [7℄).

Starting from n = 5, we do not know any√non-trivial upper estimates for
the hromati number. Certainly, (Rn ) ≤ ( n + 1)n , whi h an be done by
dividing the spa e into translates of a multi oloured ube. Also, we may ite
D. Larman and C.A. Rogers' paper [8℄, where (Rn ) ≤ (3 + o(1))n is proved.
However, nothing more pre ise and on rete has been done. So we just exhibit
below a list of lower bounds for 5 ≤ n ≤ 12:
• (R5 ) ≥ 9 (Cantwell, 1996, see [5℄);
• (R6 ) ≥ 11 (J. Cibulka, 2008, see [9℄);
• (R7 ) ≥ 15 (A.M. Raigorodskii, 2001, see [10℄);
• (R8 ) ≥ 16 (see [11℄);
• (R9 ) ≥ 16 (see [11℄);
• (R10 ) ≥ 19 (Larman and Rogers, 1972, see [8℄);
• (R11 ) ≥ 20 (Raigorodskii, 2001, see [10℄);
• (R12 ) ≥ 24 (Larman and Rogers, 1972, see [8℄).
As for growing dimensions, we have
(1:239 + o(1))n ≤ (Rn ) ≤ (3 + o(1))n :
The lower bound is given in [10℄ and the upper one in [8℄.
For further referen es see [10℄, [11℄, [12℄.

3 New Results
First of all, we managed to a hieve onsiderable improvements on lower bounds
in the dimensions 9 { 12.
Theorem 1.

(R12 ) ≥ 25.

The estimates hold

(R9 ) ≥ 21, (R10 ) ≥ 23, (R11 ) ≥ 23,

The results are obtained using a new series of distan e graphs in the abovementioned spa es.
At the same time, we propose a new general approa h on "lifting" a bound
in a dimension to a greater bound in a higher dimension:
Theorem 2.
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